



COVERING A CLOSED CURVE




Technical Report for Period
April 1990-October 1990
Approved for public release; distribution unlimited








Rear Admiral R. W. West, Jr. Harrison Shull
Superintendent Provost
This report was prepared in conjunction with research conducted
for the Naval Postgraduate School and funded by the Naval








REPORT DOCUMENTATION PAGE Form ApprovedOMVNo 0704 0188
la REPORT SECURITY CLASSIFICATION
UNCLASSIFIED
lb RESTRICTIVE MARKINGS
2a SECURITY CLASSIFICATION AUTHORITY
2b DECLASSIFICATION /DOWNGRADING SCHEDULE
3 DISTRIBUTION/AVAILABILITY OF REPORT
Approved for public release;
distribution unlimited
4 PERFORMING ORGANIZATION REPORT NUMBER(S)
NPS-MA-91-003
5 MONITORING ORGANIZATION REPORT NUMBLR(S)
NPS-MA-91-003





7a NAME OF MONITORING ORGANIZATION
Naval Postgraduate School
6c. ADDRESS (City, State, and ZIP Code)
Monterey, CA 93943
7b ADDRESS (City, State, and ZIP Code)
Monterey, CA 93943






9 PROCUREMENT INSTRUMENI IDENTIFICATION NUMBER
O&MN Direct Funding
8c. ADDRESS (City, State, and ZIP Code)
Monterey, CA 93943









11 TITLE (Include Security Classification)
Covering a Closed Curve with a Given Total Curvature (U)
12 PERSONAL AUTHOR(S)
Mostafa Ghandehari
13a TYPE OF REPORT
Technical Report
13b TIME COVERED
FROM 4/90 TO 10/90







18 SUBJECT TERMS (Continue on reverse if necessary and identify by block number)
total curvature, closed curves, convexity
19 ABSTRACT (Continue on reverse if necessary and identify by block number)
It is known that if a closed curve C of class C in Rnis constrained to lie in a
ball of radius R, then L(C) < RK(C) , where K(C) is the total curvature of C and L(C)
denotes the Euclidean length of C. We show that
(ii«wr*J >-~f
where s is the arc length parameter and K denotes Euclidean curvature. Extensions
of the above two inequalities to Minkowski spaces is discussed.
20 DISTRIBUTION/AVAILABILITY OF ABSTRACT
UNCLASSIFIED/UNLIMITED SAME AS RPT Q QTIC USERS
21 ABSTRACT SECURITY CLASSIFICATION
UNCLASSIFIED
22a NAME OF RESPONSIBLE INDIVIDUAL
Mostafa Ghandehari




DDForm 1473. JUN 86 Previous editions are obsolete
S/N 0102-LF-014-6603
SECURITY CLASSITICATION OF THIS J'AGF.T
UNCLASSIFIED








It is known that if a closed curve C of class C2 in Rn is constrained to lie in a
ball of radius R, then L{C) < RK(C), where K(C) is the total curvature of C







where s is the arc length parameter and k denotes Euclidean curvature. Exten-
sions of the above two inequalities to Minkowski spaces is discussed.
1 INTRODUCTION
Let C be a closed curve of class C 2 in Euclidean n-space Rn . We write the equations of C
as x = x(s), < s < L(C), where s denotes Euclidean arc length and L(C) is the Euclidean
length of C. Denoting differentiation with respect to 5 by a dot, we define the total curvature
of C as
K(C) = I \x\ds = / \ K (s)\ds.Jc Jo
Chakerian [4, 5] proves that if C is constrained to lie in a ball of radius R, then
L{C) < RK{C). (1)
The curves for which equality holds in (1) are circles of radius R traversed a certain number
of times.
In this article we prove the following theorem concerning the p
th mean of curvature in
Euclidean spaces and consider generalizations of (1) for a closed curve C in a Minkowski
plane (Minkowski spaces are simply finite dimensional normed linear spaces).
Theorem 1. Let C be a close curve of class C 2 in Euclidean n space Rn . Let k(s) and
K(C) denote the curvature and the total curvature of C respectively. Let L(C) denote the
length of C. Assume p > 1, and that C is constrained to be in a ball of radius R. Then
U |kWH -m (2)
Curves for which equality holds are circles of radius R transversed a certain number of times.
Preliminary definitions and concepts are discussed in Section 2. The proof of Theorem 1
and related results are given in Section 3.
2 PRELIMINARIES
By a convex body in Rn we mean a compact convex subset of Rn with nonempty interior.
For each direction ueSn_1
,
where 5n_1 is the unit sphere centered at the origin in i?n
,
we let h(K,u) denote the support function of the convex body K evaluated at u. Thus,
h(K,u) = sup{u • x : xeK), which may be interpreted as the distance from the origin to the
supporting hyperplane of K having outward-pointing normal u. For a plane convex body
we use the notation h(K,0) = /i(A',w), where u = (cos 6, sin 6). The polar dual (or polar
reciprocal) of a convex body K, denoted by A'*, is another convex body having the origin
as an interior point and having the property that
r(K,u) h(K,u)
where r(K,u) is the radial function of K in the direction u.
Eggleston [8], pp. 25-28 contains definitions and some properties of polar duals.
Minkowski distance denned by means of a convex body was developed by Minkowski
[11]. The articles by Busemann [1] and Petty [12] contain basic concepts for the study of
Minkowskian geometry. We take a "unit circle" E for the Minkowski plane to be a centrally
symmetric convex body with its center at the origin in the Euclidean plane. The Minkowski
distance from x to y is
lF-y|| = > (4 )
r
where ||a: — y\\ e is the Euclidean length from x to y, and r is the Euclidean distance of the
center of symmetry to the boundary of E in the direction of the vector y — x.





xn . The Minkowskian length
of p with respect to the unit ball E is defined by
fiE (P) = £,\\x t -x t- l \l (5)
2=1
where || • || is the Minkowskian norm.
Let C be a rectifiable path. The Minkowskian length of C with respect to the unit ball
E is defined by
HE (C) = sup nE (p) (6)
PtV
where p is the set of all polygonal paths inscribed in C.
Assume now that C is continuously differentiable. If we let ds e (C, u), ue5n_1 denote the
Euclidean element of arc at a point where the tangent vector to the curve C has direction





We can use (5), (6), and (7) to find the following expression for the Minkowskian length of
C, denoted £(C).
Turning to the case of curves in R2
,
we let ds(C, u) = ds(C,6), where u = (cos 9, sin 6).
The self- circumference of the unit circle E is the Minkowskian length of E measured with
respect to E and is given by
Gotab [10] was apparently the first to prove that
6 < fiE(dE) < 8. (10)
Equality on the left occurs if and only if E is an affine regular hexagon, and on the right
if and only if E is a parallelogram.
Schaffer [14], and independently later, Thompson [15], proved that
fiE (dE) = fiE.(dE-). (ii)
where E* is the polar dual of E.
A discussion of self-circumference of a plane convex body and its relationship to polar
dual is given in Chakerian [2]. Some properties of the self-circumference for nonsymmetric
Minkowski spaces is given in Chakerian and Talley [3].
Assuming that the boundary of the unit circle E has nowhere zero Euclidean curvature,
we define the Minkowskian curvature of a curve C at a point p by
-™ =tM (12)
where K e (C, p) and K e (E,p) denote the Euclidean curvatures of C and E at points p and p
respectively such that the unit tangent to C at p is parallel to the unit tangent to E at p.
[Other works define Minkowskian curvature differently. See for example Busemann [1].
The definition given here was used to prove the following Theorem 2 concerning curves with
bounded Minkowskian curvature. A proof of Theorem 2 is contained in [9]. We shall use
Theorem 2 in the next section.]
Theorem 2. Let E be a unit circle in a Minkowski plane. Let C be any continuously
differentiable closed curve with length £(C) (measured in the Minkowski metric). Assume
j/ce (C, -) j < kK e (E,-) where K e (C, •) and K e (E,-) denote the Euclidean curvature. Then C
can be contained in a similar copy of the unit disk translated and magnified by a factor
,>^-i«*)-4).
We use techniques from integral geometry. Santalo [13] is a good reference for integral
geometry in Euclidean spaces. Given a curve C in the Euclidean plane, let L denote the
length of C. Crofton's simplest formula, see Santalo [13], is
[ fndpdO = 2L, (13)
where the integral is taken over all lines intersecting C. The pair (p, 6) is the polar coordinate
representation of the foot of the perpendicular from the origin to the line, and n is the number
of intersections of a line with coordinates (p, 9) with C. The differential element dG = dpd9
is the integral geometric density for the line.
Chakerian [6] treats integral geometry in the Minkowski plane. We sketch the definitions
he uses to develop Crofton's simplest formula in the Minkowski plane. Assume E is "suffi-
ciently" differentiable and has positive finite curvature everywhere. Parameterize E by twice
its sectorial area
<f>
and write the equation of E as
t = t(<f>), O<0<2tt, ||*|| = ||*-0|| = 1.
E is called the indicatrix. Define the isoperimetrix T by the parametric representation
n{4>) = ^, < cf> < 2tt.
Define A(<^>) by
-^p = — X~ l ((f))t(<f>). Then the density for lines in two-dimensional Minkowski
spaces is defined as follows. Let G = G(p,<f>) be parallel to the direction t{(f>). The equation
of Gis
[t{(f>),x] =p,
where [x,y] = X\\j2 — £22/1 • Then the density dG for lines is
dG= \-\<l>)dpd<f>.
It is then shown in Chakerian [6] that the simplest formula of Crofton holds:
JndG = 2£
where n is the number of intersections of a line G with a curve C, integration is taken over
all lines intersecting C and £ is the Minkowskian length of C.
3 RESULTS
In this section, we prove Theorem 1 concerning the pth mean of curvature in Euclidean spaces
and consider generalization of (1) for a closed curve C in a Minkowski plane.










where —I— = 1. Hence - = 1 = . Multiplying both sides of (14) by R and using







giving the desired inequality (2). Equality holds if and only if equality holds in (14) and (1).
For equality to hold in (14), |k(s)| p has to be constant. The case of equality in (1) implies
that equality holds in (2) if and only if C is a circle of radius R transversed a certain number
of times.
We now give a probabilistic interpretation of (2) for the case p = 2. Recall that the
variance of a random variable is non-negative, and that the variance is equal to the second
moment minus the square of the mean. Consider the uniform probability distribution of \
on the closed curve of length L. Assume \k(s)\ is a random variable. Denote the variance
by a2 . Then
2
°2=
L i Hs)][2ds ~{L i lK{s)lds) -°-
Use the above inequality and (1) to obtain












The following theorem is a generalization of (1) in a Minkowski plane. We emphasize
that K(C) is the total Euclidean curvature of a closed curve C. The proof given here is
similar to Chakerian [4] for the inequality (1).
Theorem 3. Consider a C 2 closed curve C in a Minkowski space with the unit ball E.
Let 5 and sm denote Euclidean and Minkowskian arc lengths respectively. Let L(C) and
£(c) denote Euclidean and Minkowskian lengths of C. Let x = x(s), o < s < L(C) be a
parametric representation of C. Let "dot" denote differentiation with respect to s. Then
l(C)<RK(C) + J ds, (16)
where K{C) denotes the total Euclidean curvature of C, r is the radius of E in the direction
of arc length ds, and C is constrained to lie in a copy of E magnified by a factor of R.
Proof. The Minkowskian arc length is given by dsm = — . Since 6 is Euclidean arc length,
x(s) • x(s) = 1. Hence we can write £(C) as follows
£{C) = / dsm - I — = I -x • ids. (17)
Jc Jc r Jc r




The fact that C lies in a copy of E magnified by a factor of R implies
IMIe < Rr. (19)
Using (18) and (19) we obtain




f ^ 1 1 xr — rill ,
< / Rr\\ — ds
[ ( 1 1 tx r I r
I
< / \x\ds-r / — ds = RK(C)+ / \-\ds.Jc Jc \\ r e Jc \r\i
In Euclidean spaces the radius of the unit ball in each direction is constant and r = 0.
Hence (16) implies (1).
Fenchel's theorem states that the total curvature of a closed space curve C is greater
than, or equal to 2ir. It is equal to 1-k if and only if C is a plane convex curve. See Chern
[7] for an elementary discussion of Fenchel's theorem. The following theorem shows that the
total Minkowskian curvature of a closed convex curve is equal to the self-circumference of
the unit circle E. Recall that
Theorem 4. Let C be a closed convex curve in a Minkowski plane with the unit circle E.
Then the total Minkowskian curvature of C is equal to the self-circumference of the unit ball
E.
Proof. Let 6 be the angle between the tangent to C and the horizontal. Then,
Jc k(E,9) Jc k{E,Q) r[E,Q)
r d6 t R{E,9)dO
Jc K(E,0)r{E,6) " Jc r{E,d)
f
ds(EJ)
where we have used the fact that ds = K(C,6)ds(C,6) and that R(E,6)d6 = ds(E,0).
We relate this theorem to the inequality of Theorem 2 as follows: Let £(C) be the
Minkowskian length of C, the convex hull of a closed curve C with bounded Minkowskian
curvature |Km (C)| < k. It is shown in [9] that C has the same bound for the Minkowskian
curvature. Hence using Theorem 4 we obtain
1(E) = / Km (C)dsm < / kdsm < k£{C). (20)
Jo Jo
By a result in [9], £{C) < £{C). Hence
e(c) > t(c) > \i(e) = t (Ie) . (21)
By using Blaschke's Rolling Theorem, one can move a copy of \E inside C. The above
inequality makes it plausible.
Given a convex curve C in a Minkowski plane, one can easily generalize (1) and (2) for
a Minkowski plane as follows. Suppose RE covers a convex curve C. Then
£(C) < 1{RE) = R£{E). (22)
But since £{E) is the total Minkowskian curvature, (22) is the Minkowskian analogue of (1).
Using the same argument as in Theorem 1, we can use (22) and prove that for a convex
closed curve in a Minkowski plane,
C£ \K>m (C)\dsm) \ lJjl lr . (23)
Theorem 5 gives the total Minkowskian curvature of a closed curve C in terms of an
integral involving the Euclidean arc length along the unit circle E and the support function
of the isoperimetrix T. Recall that the isoperimetrix was defined in page 5.
Theorem 5. Consider a closed curve C in a Minkowski plane with unit circle E and
isoperimetrix T. Let v(6) be the number of points where lines parallel to a fixed direction 6
are tangent to the curve C. Then
J\Km (c,e)\dsm (c,e) = J u(e)h(T,e)ds(E,9), (24)
where h(T,-) is the support function of T, ds(E,-) is the Euclidean arc length of E and
/cm (C, •) is the Minkowskian curvature.
Proof. Using the definition of Minkowskian arc length and the fact that ds(C,6) is parallel
to the direction + | we obtain




The isoperimetrix is the same as the polar dual rotated 90 degrees. Hence we can use





\\ = h{T,B)ds{C,e).(EJ+z) (26)











Let {<Ti,<72, . . . ,crn } be a partition of C such that the tangent map is monotonic on each
a
-
,- (see Figure 1). Using (26), (27), and the partition {o"t'}[Uu we can calculate the total
Minkowskian curvature as follows:








ds{C,6) = fl I h(T,0)ds{E,6).
The last expression in the net covering of the boundary of E by the tangent map. We
look at each point of the boundary of E and see how many times it has been covered and
integrate h(T,6) over the boundary of E counting this multiplicity. Thus the proof of (24)
is completed.
The following theorem is another generalization of (1) in a Minkowski plane. Recall that
Theorem 3 was also a generalization.
10
Theorem 6. Consider a C 2 closed curve C in a Minkowski plane with the unit circle E.
Let Kt{C) be the total Minkowskian curvature of C measured with respect to isoperimetrix
T. Then
1{C) < RKT {C) (28)
where £(C) is the Minkowskian length of C measured with respect to unit circle E and C is
constrained to lie in a copy of E magnified by a factor of R.
Proof. Let G be a line parallel to the directions 6. Recall that in Section 2 we parameterized
E by twice its sectorial area <j) as
t = t{<f>), < <t> < 2tt, ||*|| = 1.
If we let p = [t(cf)),x] where [x,y] = x 1 y 2 — ^2?/i> then the density dG for the line is dG =
A
-1
(4>)dpd(f) = dpdsm = dp— where dsm and ds are Minkowskian and Euclidean arc lengths
of the isoperimetrix. See Chakerian [6]. He uses da and dcre instead of dsm and ds.
We note that P represents the area of the parallelogram formed by t and x for any x on
G. We can write this area as pr where p is the Euclidean distance from the origin to G and
r = \\t\\ e . Thus we have
P = pr. (29)
Using (29) we have
dP = rdp + pdr. (30)
One can show that drdsm = 0. Hence
dG = dpdsm = rdpdsm = dpds, (31)




where n(p,9) is the number of intersections of the line G with C. Observing the fact that
n(p,9) < 2u(6) we have
i{C) < - 1 2u{p,6)dpds(T,0)
< i-2 / v{p,6)h{RE,6)ds{T,d)
= Rj v{p,0)h{E,e)ds{T,6).
The last integral is the total curvature of C measured with respect to the isoperimetrix.
Thus the proof is completed.
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